We study the quantum stability of the dynamics of ions in a Paul trap. We revisit the results of Wang et al. [Phys. Rev. A 52, 1419 (1995 ], which showed that quantum trajectories did not have the same region of stability as their classical counterpart, contrary to what is obtained from a Floquet analysis of the motion in the periodic trapping field. Using numerical simulations of the full wave-packet dynamics, we confirm that the classical trapping criterion are fully applicable to quantum motion, when considering both the expectation value of the position of the wave packet and its width.
Introduction
Paul traps are devices using a radio-frequency, time-dependent electric field to confine charged particles [1] [2] [3] . With the right combination of electric potential strength and field frequency, one or many trapped particles will move in closed trajectories inside the trap. Such devices have been used for instance to trap atomic and molecular ions, for studies ranging from mass spectrometry [4] , high-precision spectroscopy [5] and ultracold chemistry [6] [7] [8] [9] [10] to quantum state manipulation [11, 12] and quantum simulations [13] , and recently tests of the time variation of fundamental constants [14] .
Of importance is the question of stability. As mentioned above, the motion of a charged particle must be constrained for the particle to be actually trapped. This will depend in particular on the relative electric potentials applied to the electrodes making up the trap and the frequency of the oscillating field. For a classical particle, the motion is given by a Mathieu equation [15] , for which stable solutions correspond to cases where the trajectory is bounded. For a quantum particle, the situation is more complicated, but a Floquet analysis [16] [17] [18] [19] shows that the average motion of the charged particle follows exactly the classical Mathieu equation, implying that the classical stability criterion also applies in the quantum case. Such a conclusion is also supported by other theoretical derivations [20] [21] [22] and numerical simulations of the wave-packet dynamics [23] . While these studies pertain to atomic ions, non-polar molecules have the same centre-of-mass trajectories as atomic ions, and we have also recently shown that the interaction between the trapping field and a dipole moment CONTACT C. M. Dion Email: claude.dion@umu.se doesn't lead to a noticeable modification of the stability criterion [24] .
However, a paper by Wang et al. [25] purports to show that there are trapping parameters for which a quantum trajectory is stable, while the classical counterpart would not be. Their analysis was based on a study of the convergence of a function series of a dynamical variable related to the wave function of the charged particle. We revisit here this claim by performing a direct simulation of the wave-packet dynamics for the same trapping conditions as considered by Wang et al., as well as by comparing with the corresponding classical trajectories. This paper is arranged as follows. We start by presenting the trapping model, based on Reference [25] , and the corresponding classical stability criterion. The numerical methods corresponding to both quantum and classical simulations are presented in Section 3. This is followed, Section 4, by the results of the various simulations, for stable and unstable trapping parameters. Finally, concluding remarks are given in Section 5.
Model for an ion in a Paul trap

Trapping potential
We consider an ion of charge e and mass m in a two-dimensional Paul trap with the trapping potential [25] 
where r 0 is the radius of the trap, U 0 and V 0 the electric potential on the static and radio-frequency electrodes, respectively, with ω the frequency of the time-dependent electric potential. From this point on, we take units such that e = = m = r 0 = 1, and will consider the case ω = 5, the same as for the main results of Reference [25] .
Classical trajectories and stability
The classical equations of motion for the ion are given here bÿ
Using the substitutions
allows us the rewrite Equations (2) as to Mathieu equations for r ≡ (x, z),
Bounded solutions, where r remains finite, of the Mathieu equation exist for certain regions in the a-q plane [15] . Correspondingly, for certain values of the electric potentials U 0 and V 0 , the ion will remain inside the trap (neglecting possible collisions with the trap's electrodes if the amplitude of the motion is too big). This condition is commonly considered the classical stability region of an ion trap [1] [2] [3] , and is the criterion we are using in this paper to label trapping potentials as stable. The boundaries in the a-q plane between stable and unstable regions are given by the Mathieu characteristic values a r and b r [15] , and the resulting stability diagram is plotted in Figure 1 . In this region of the (V 0 , U 0 ) plane, the stability border in x is obtained from a 1 , while the one in z from a 0 . The crossing point is found at U 0 = 1.48121, V 0 = 8.82495.
Numerical methods
We present here a brief description of the simulations of the dynamics of the trapped ion, for both the quantum and classical cases. Further details of the numerical approaches used can be found in Reference [23] .
Quantum mechanical approach
For the quantum wave packet dynamics, we have used the program wavepacket [26] , which is based on the split-operator method [27] [28] [29] , with the wave function expressed on a discrete set of grid points. The Hamiltonian for the motion of the ion is simplŷ
with V (r) the potential given by Equation (1) . While the system considered is twodimensional, the equations of motion in x and z are separable, and the total wave function is obtained from the combination of two one-dimensional simulations.
To compare the quantum dynamics to the corresponding classical trajectories, we take the initial wave function to be a Gaussian,
with x 0 = z 0 = 1. We choose the widths σ x = σ z = 2, for which the spreading of the wave packet will be reasonable [23] . We use 393216 grid points in the range [−600, 600] along both the x and z axes for the simulations within the stability region, and increase the grid to [−1600, 1600] with 1600000 points for the unstable trajectories. The time step used is ∆t = 5 × 10 −4 .
Classical approach
The expectation values of position x and z of the wave packet of the trapped ion can be compared with its classical analogue, given by the Mathieu equations (4) . We obtain the classical dynamics by a direct integration of the classical equations of motion (2), using the symplectic Störmer-Verlet integrator [30] . To second order in the time step ∆t, the phase-space dynamics for the momentum p n and position r n at the n th time step are obtained from [23, 30] p n+
where H rn is the vector of partial derivatives of the Hamiltonian H(p, q) with respect to the components of the position r,
The system of equations (7) is iterated starting from an initial condition equivalent to the quantum simulation (see Section 3.1), namely r 0 = (1, 1) and p 0 = 0, with a time step ∆t = 5 × 10 −4 .
Results
Comparing with Figures 1 and 2 of Reference [25]
, we see that the entire region labelled xz-unstable in Figure 1 is, according to Wang et al., stable for quantum dynamics, since their stability region extends to U 0 ∼ 3.3. We therefore compare two trapping conditions, one below the crossing between the classically stable and unstable regions (see Section 2.2), the other above. Taking parameters ω = 5, U 0 = 1.4811 and V 0 = 8.825, which corresponds to stable trajectories according both to the classical analysis ( Figure 1 ) and that of Reference [25] , we find indeed a periodically oscillating, bound trajectory and width of the quantum wave packet, see Figures 2 and 3 . There is also a perfect accord (within numerical error) between the classical trajectory and the expectation value of position for the quantum simulation, as calculated by the absolute difference
where x cl is the position in the classical trajectory (see Section 3.2), with an equivalent equation in z, as shown in Figures 2(c) and 3(c) .
Changing slightly the value of U 0 to 1.4813, the trapping should still be stable quantum mechanically according to Figure 1 of Reference [25] , whereas the classical trajectory should be unstable, see Figure 1 . The results, presented in Figures 4 and  5 , show clearly that, as for all our previous results [23] , x and z follow exactly the classical motion, and therefore the trajectory is not stable. Similarly, the width of the wave packet in both x and z increases continuously, as was seen for a linear Paul trap in Reference [23] .
By varying both U 0 and V 0 , we have checked that, in the regions labelled x-stable, z-unstable (or conversely, x-unstable, z-stable) in Figure 1 , the dynamical behaviour is as expected, with stability only observed along one of the dimensions. In other words, as far as our simulations show, the quantum wave-packet dynamics follow the stability criteria of the corresponding Mathieu equation for the classical dynamics.
We have also looked at the crossing of the boundary for quantum stability as established by Wang et al. [25] . For instance, we have compared the results along z for U 0 = 0.5, V 0 = 2.5, which should be stable according to Figure 1 of Reference [25] , with those for U 0 = 1, V 0 = 2.5, which lies in the z-unstable region. We have found that both cases lead to unconstrained wave packet dynamics, with no qualitative difference between these two cases. The presence of the boundary presented in Figure 1 of Reference [25] is not observable in our simulations.
Conclusion
We have performed quantum simulations of the full dynamics of an ion in a Paul trap, including the time-dependent variation of the trapping potential. We have shown that the centre-of-mass motion of the ion is well reproduced by the classical equations of motion, even outside the so-called stability region, where the trajectories are no longer bound [3] .
We have revisited the work of Wang et al. [25] , and found that even in conditions where they have claimed that there would be a discrepancy between quantum and classical results, we found that the quantum trajectories were equally unstable. This confirms that the classical stability criterion can be applied to quantum motion, both with respect to expectation value of the position and width of the wave packet of the trapped ion.
We conclude that the convergence criterion considered by Wang et al. [25] does not inform on the stability of the quantum trajectories, in the usual sense of the capacity of the trap to contain the ion [1] [2] [3] . 
